Abstract. Recently, shearlet systems were introduced as a means to derive efficient encoding methodologies for anisotropic features in 2-dimensional data with a unified treatment of the continuum and digital setting. However, only very few construction strategies for discrete shearlet systems are known so far.
Introduction
A significant percentage of the data deluge we face today consists of 2D imaging data, which issues the challenge to provide adapted efficient encoding methodologies. Typically, this data is modeled in a continuum setting as functions in L 2 (R 2 ). Recently, a novel directional representation system -so-called shearlets -has emerged which provides a unified treatment of such continuum models as well as digital models, allowing, for instance, a precise resolution of wavefront sets, optimally sparse representations of cartoon-like images, and associated fast decomposition algorithms (see [13, 25, 5, 23, 10, 27, 24] and references therein).
Shearlet systems are, loosely speaking, systems generated by one single generator with parabolic scaling, shearing, and translation operator applied to it. However, at this moment, there exist only very few construction strategies for discrete shearlet systems. Evidently, such strategies should in particular allow to monitor frame properties of the generated system.
One construction approach consists in carefully choosing a feasible set of (parabolic scaling, shearlet, translation)-parameters which leads to a shearlet frame, while -as a first stepallowing all choices of generators. A successful methodology in this respect -first introduced for Gabor systems, and then later applied to wavelet systems (see the excellent survey paper [15] and the references therein) -took the viewpoint of understanding the impact of the geometry of sets of parameters to frame properties of the associated systems.
This will also be the viewpoint taken in this paper. It will lead us to different necessary conditions on the geometry of the sets of parameters for the associated discrete shearlet systems to form a frame for L 2 (R 2 ), either when using all possible generators or a large class exhibiting some decay conditions. Interestingly, along the way we will also analyze and prove homogeneous approximation properties of shearlet systems.
1.1. Weighted Shearlet Systems. Shearlet systems are designed to efficiently encode anisotropic features such as singularities concentrated on lower dimensional embedded manifolds. To achieve optimal sparsity, shearlets are scaled according to a parabolic scaling law encoded in the parabolic scaling matrix A a , a > 0, and exhibit directionality by parameterizing slope encoded in the shear matrix S s , s ∈ R, defined by A a = a 0 0 √ a and S s = 1 s 0 1 , respectively. Hence, shearlet systems are based on three parameters: a > 0 being the scale parameter measuring the resolution, s ∈ R being the shear parameter measuring the directionality, and t ∈ R 2 being the translation parameter measuring the position. This parameter space R + × R × R 2 can be endowed with the group operation (a, s, t) · (a ′ , s ′ , t ′ ) = (a ′ a, s ′ + s √ a ′ , t ′ + S s ′ A a ′ t), leading to the so-called shearlet group S. The expert reader will notice that this definition deviates from the shearlet group first introduced in [3] . It will however be proven in Subsection 2.1 that these groups are isomorphic. The reasons for the deviation will be discussed below. For now, let us say that this choice will allow us to measure the geometry of discretization of the parameter space in a meaningful way.
As also first noticed in [3] , shearlet systems arise from a group representation of the shearlet group. The shearlet group S provides the unitary group representation -we leave the straightforward proof that this is indeed a group representation of S to the reader -σ : S → U(L 2 (R 2 )), (σ(a, s, t)ψ)(x) = a 3/4 ψ(S s A a x − t), which will be the main building structure of continuous shearlet systems. To obtain further flexibility, we extend the definition of the customarily utilized shearlet systems and allow a weight function w : S → R + to be incorporated in the definition of each single shearlet function. For each ψ ∈ L 2 (R 2 ), we now define a continuous weighted shearlet system by SH(ψ, w) = {w(a, s, t) 1/2 σ(a, s, t)ψ : (a, s, t) ∈ S} = {w(a, s, t) 1/2 a 3/4 ψ(S s A a · −t) : (a, s, t) ∈ S}.
This definition coincides with the customarily defined continuous shearlet systems as defined, for instance, in [12] -except the additional flexibility provided by allowing a weight function.
However, the careful reader will notice that the different form -due to utilizing a different group representation -requires a slightly different interpretation of the behavior of the parameters than in [23] , but containing the same information. For some ψ ∈ L 2 (R 2 ), we further introduce the continuous weighted shearlet transform given by
), SH ψ,w f (a, s, t) = f, w(a, s, t) 1/2 σ(a, s, t)ψ .
If w ≡ 1, we sometimes also write SH ψ . Our main concern in this paper is to derive a deep geometric understanding of the discretization process of the continuous weighted shearlet transform. To allow any possible discretization to be investigated, we let Λ be any discrete subset of S, and, for some function ψ ∈ L 2 (R 2 ) and some weight function w : Λ → R + , define the weighted shearlet system by SH(ψ, Λ, w) = {w(a, s, t) 1/2 a 3/4 ψ(S s A a · −t) : (a, s, t) ∈ Λ}.
(If w ≡ 1, we sometimes also write SH(ψ, Λ).) Such a shearlet system is typically referred to as an irregular (weighted) shearlet system to separate it from the special case of regular (sometimes also called classical) shearlet systems, which for a > 1 and b, c > 0, are defined by
Observe that this system can be regarded as SH(ψ, Λ, w) with Λ = {(a j , bk, cm) : j, k ∈ Z, m ∈ Z 2 } and w ≡ 1. We should mention that the construction of continuous shearlet systems and their discretization is paralleled by the construction of what became to be known as shearlets on the cone or cone-adapted shearlet systems. These shearlet systems do not arise from a group representation, but ensure a more equal treatment of the different directions. They are closely related to the shearlet systems just defined, where the group operation is performed on four cones in which the frequency domain is split into. See, for instance, the paper [19] , in which these systems and the discretization procedure is precisely described. For our purposes though, the group structure will play an essential role.
(1) derive frame properties, (2) consider all discrete subsets of the shearlet group as well as particular subsets, (3) understand the stability of discretization of the continuous shearlet transform, (4) analyze approximation properties.
Certainly, we need some control on the properties of discrete subsets of S, and in this regard we will take a geometric viewpoint. Our main guideline will be the interplay between the geometry of the sets of parameters and properties such as frame or approximation properties of the associated shearlet systems.
1.3. A Geometric Analysis. The first systems to be analyzed by a geometric viewpoint on the set of parameters were irregular Gabor systems [26] . This started a series of papers with different foci on this topic (see [15] for an excellent survey with a complete reference list). The main idea was to use Beurling density for categorizing subsets of R 2 according to their geometric structure and providing a relation to frame properties of the associated Gabor systems. A very interesting generalization of these ideas was lately studied in [1] , which however did not encompass, for instance, wavelet systems.
From 2003 on, these ideas were also utilized in the study of irregular wavelet frames, for which a different notion of density -adapted to the affine group -needed to be introduced (see, for instance, [16, 29, 30, 21, 17] and the book [20] ). However, for analyzing irregular wave packet frames, additional complications occurred due to the dimension of the parameter space compared to the domain of the generators when driving a density approach; and ideas from the Hausdorff dimension had to be incorporated, see [2] . A yet different path was taken in [9] , when introducing a notion of density for arbitrary locally compact abelian groups which allowed to derive results paralleling those from Landau [26] for these general groups.
With this paper, we follow the philosophy taken in [20] for the analysis of irregular wavelet frames. Based on the close connection of shearlet systems with a particular unitary representation of the shearlet group S, we will introduce an upper and lower shearlet density for providing meaningful measures for discrete subsets of S. Armed with this measure, we derive necessary conditions in terms of finite upper and positive lower shearlet density of a set of parameters for the associated shearlet system -either when using all possible generators or a large class exhibiting some decay conditions -to possess an upper and a lower frame bound, respectively (see Theorem 5.1). We will also be able to distinguish different classes of sets of parameters, for instance, those coming from regular shearlet systems we well as the here newly introduced oversampled shearlet systems and co-shearlet systems, showing that co-shearlet systems can never form a frame (see Section 6) .
Summarizing, considering 'only' a particular aspect of the geometry of a discrete subset of S leads to excluding conditions for the associated shearlet frames. However, more is true. In fact, some of these conditions are paralleled by approximation properties, which are worth considering them by themselves.
1.4. Homogeneous Approximation. Already in [28] in the situation of Gabor systems and later (see, [17] ) for wavelet systems, the study of density properties was linked to specific approximation properties of the accompanying systems, the so-called Homogeneous Approximation Property (HAP). This link was exploited especially for deriving necessary conditions on the existence of a lower frame bound. These ideas were later extended to general coherent frames in the enlightening paper [8] , which however, due to the generality of the setting, does not provide the full link to density considerations.
The common bracket in these studies is to analyze whether approximating a function by a selection of elements of the system under consideration, with their parameters being contained in a box in parameter space, is invariant under simultaneously translating the function and the box; in this sense, whether this approximation is homogeneous. The benefits of establishing this property are: (1) having control of approximation properties of finitely many elements from a shearlet frame when shifting their set of parameters by the group action, (2) obtaining insight into the possibility of extending the elaborate framework from [1] to the shearlet setting, since the HAP is the heart of this theory, (3) understanding whether or not the system exhibits a Nyquist phenomenon as Gabor frames do, and, (4) finally, to provide the tools for deriving a necessary condition on the existence of a lower frame bound in terms of density properties.
In this paper, we will show that indeed this property also holds for irregular shearlet frames with generators satisfying some weak decay properties (see Theorem 4.3). For this, we introduce a new class of shearlet generators B 0 , whose associated continuous shearlet transform belongs to a particular amalgam space, i.e., for which a particular mixed (localglobal) norm is finite. We anticipate that this class could also be useful in other settings.
1.5. Main Contributions. Our main contribution of this paper is three-fold. Firstly, we derive a meaningful geometric measure for analysis of arbitrary discrete subsets of the shearlet group. Secondly, with Theorem 5.1, we prove necessary conditions on the geometry of the sets of parameters for the associated discrete shearlet systems to form a frame for L 2 (R 2 ). And, thirdly, we analyze the ability of certain irregular shearlet frames for homogeneously approximating functions (see Theorem 4.3), thereby introducing a set of generators, B 0 , which we expect to be useful for other tasks.
1.6. Future Horizons. In addition, this paper opens the door for the following future research directions.
• Geometry of Parameters of Cone-Adapted Shearlets. The variant of shearlet systems we consider in this paper exhibits a useful relation with group representations. Cone-adapted shearlet systems do not possess this property, which makes density considerations for these especially challenging. Nevertheless, success in this direction would be highly beneficial for constructing this different class of shearlet systems. We anticipate that the closeness of the two variants of shearlet systems allows to carry over some of the main ideas from our analysis in this paper.
• Density Analysis of Higher-Dimensional Wavelets. Higher-dimensional wavelet systems are associated with sets of parameters {(A j , bk) : j ∈ Z, k ∈ Z n }, where A ∈ GL(n, R) and b ∈ R n . These systems are generated by the affine group GL(n, R) ⋉ R n , and the question arises whether geometric density conditions can also be exploited here. However, in 2D this task is quite involved due to the complicated inner structure of the group. Although associated with a slightly different set of parameters, the analysis presented here could give some insights at least for n = 2.
• Homogeneous Approximation Property of Non-Band-Limited Shearlets. In this paper we show that the Homogeneous Approximation Property holds for a shearlet frames being generated by band-limited generators satisfying some weak spatial decay properties. This might provide some understanding of how to extend this result to the situation of non-band-limited generators, which are important for several practical applications.
1.7. Outline. In Section 2, we introduce the necessary group-theoretical framework as well as the so-called weighted shearlet density, which will be our main means for analyzing the geometry of sets of parameters of shearlet systems. Section 3 is then devoted to a particular set of generators with favorable decay conditions of the associated continuous shearlet transform. Then, in Section 4, we analyze approximation properties of shearlet systems, in particular, concerning the Homogeneous Approximation Property. Section 5 then exploits these results to prove the desired necessary conditions on the geometry of the sets of parameters for the associated shearlet systems to form a frame for L 2 (R 2 ); and applications of these to particular shearlet systems such as oversampled shearlet systems and co-shearlet systems are the focus of Section 6. Since several proofs are lengthy and highly technical, we outsourced those to Section 7.
Geometry of Shearlet Parameters
As already elaborated upon in the introduction, a geometric viewpoint will be our driving force. The basic necessary framework to regard shearlet systems as being generated by a particular locally compact group -the shearlet group S -via a unitary group representation, was already established in Subsection 1.1. We now first discuss this group in more detail and study the relation with the shearlet group introduced in [3] . Based on this, we next introduce a means to 'measure' the geometric structure of discrete parameter sets in terms of denseness in the group S.
2.1. Group Structure. LetS be the shearlet group introduced in [3] , which is defined as the set R + × R × R 2 with group multiplication given by
We have the following Lemma 2.1. The groups S andS are isomorphic via the group isomorphism
Proof. It is easily checked that S andS are groups (forS, see [3] ). Also, Φ is a bijective map.
To prove the claim, let (a,
the lemma is proven.
This now allows us to transfer results from [3] and [4] to the considered situation. First, by exploiting the just defined isomorphism Φ and left-invariant Haar measures ofS (see [4] ), we can easily conclude that a left-invariant Haar measure on S is given by
and w : S → R + , we further have the following correspondence between SH ψ,w and the continuous shearlet transform from [3, 4] ,
Proof. This is a direct consequence of the definitions of SH, SH, and Φ.
This relation enables us to prove isometric properties of SH with the help of [4, Thm.
In particular, if
Proof. This follows immediately from [4, Thm. 2.5] and Lemma 2.2.
Weighted Shearlet Density.
We are now ready to introduce and derive some first basic properties of the geometric measure for denseness of discrete weighted subsets of S, which will be our main means to categorize and analyze different discretization strategies of the continuous weighted shearlet transform in (1). The upper and lower weighted shearlet density will measure two different characteristics of a discrete subset Λ of S endowed with weights w : Λ → R + :
(1) the denseness as the average weighted number of points from Λ lying in a 'standard' box moved in the 4-D space R + × R × R 2 by the group action, and (2) the deviation of being 'uniformly' spread in the 4-D space R + × R × R 2 with respect to the group action.
2.2.1. Definition. The introduction of some system of 'standard' boxes is our first concern. For the delicateness of such and the significantly differing behavior of different choices in the affine group case, we refer to [20] . Let now h > 0 be the 'size' of the boxes. Then we define the box Q h to be the neighborhood of the unit element (1, 0, 0) of S given by
Since we are dealing with subsets Λ of S endowed with weights w : Λ → R + , we need to decide how to incorporate the weights when counting the number of points of Λ inside one of the just introduced boxes. For this, we define the weighted number of elements of Λ lying in a subset K of S to be
Now we collected all ingredients for introducing the notion of upper and lower shearlet density.
Definition 2.4. Let Λ be a discrete subset of S, and let w : Λ → R + be a weight function. Then the upper weighted shearlet density of Λ with weights w is defined by
and the lower weighted shearlet density of Λ with weights w is
, we say that Λ with weights w has a uniform weighted shearlet density.
Basic Properties.
In this subsection we will establish some basic properties which will be used extensively through the paper. However, they are also illuminating by themselves as we will see. We also wish to mention that the proofs of the two results use ideas from the proof of [16, Lem. 2.1, Prop. 2.2, and Prop. 2.3], however the action by the shearlet group adds a significantly higher level of technical challenge to the analysis.
Weighted shearlet density measures the density in terms of the average weighted number of points lying in boxes Q h (x, y, z). Intuitively, the upper weighted shearlet density of a discrete weighted subset should be finite as long as the weighted points are sufficiently separated, i.e., far apart, and the lower weighted shearlet density should be positive as long as the weighted points are sufficiently dense, i.e., close together. Hence, for deriving equivalent conditions to finite upper and positive lower weighted shearlet density, the behavior of overlaps of these boxes will play an essential role.
To prepare this analysis, we first introduce the following two notions.
Definition 2.5. Let X = {x i } i∈I be a sequence of elements in S.
(ii) X is called separated, if, for some h > 0, we have
and relatively separated, if X is a finite union of separated sets.
Next, we study a particular 'default' discrete subset -related with the set of parameters of a regular shearlet system -, with which we later on compare arbitrary discrete subsets. We defer the lengthy, very technical proof to Subsection 7.1.1. Lemma 2.6. Let h > 0 and r ≥ 1, and define the discrete subset X ⊆ S by
Then the following statements hold.
(ii) Any set Q rh (x, y, z) intersects at most
elements in X.
This lemma now allows us to derive quite surprising equivalent conditions for finite upper and positive lower weighted shearlet density. In fact, checking these conditions can be reduced to checking the behavior of the weighted discrete set with respect to the boxes Q h (x, y, z) for one particular h > 0. Proposition 2.7. For Λ ⊂ S and w : Λ → R + , the following conditions are equivalent.
Also the following conditions are equivalent.
Proof. (i) ⇒ (ii). This follows immediately from the definition of
We first distinguish two cases: In the case 0 < t < h, we have
and hence
Now consider the case t ≥ h, and assume t = rh, where r ≥ 1. By Lemma 2.6, the box Q rh (x, y, z) is covered by a union of at most N r sets of the form Q h (e jh , he
Summarizing both cases, we obtain
A similar argument shows the equivalence of (i') and (ii').
A Suitable Class of Shearlet Generators
Intuitively, the existence of a lower frame bound for a weighted shearlet system SH(ψ, Λ, w) should be closely related to a positive lower weighted shearlet density, as well as the existence of an upper frame bound should be closely related to a finite density, both for any generator ψ ∈ L 2 (R 2 ). It will turn out that this is indeed true for the upper frame bound. However, for a paralleling result for the lower frame bound, we have to restrict the class of generators to a class such that the associated weighted shearlet system satisfies a certain approximation property (see Section 4) . Certainly, we require that this class contains a 'sufficiently' large class of generators, wherefore, in this section, we introduce this class and study decay properties of the associated continuous shearlet transforms.
3.1. Amalgam Spaces on the Shearlet Group. To impose decay conditions of continuous shearlet transforms, we first introduce so-called amalgam spaces for the group S, which amalgamate a particular local and a particular global behavior, each measured by membership in some L p -space. A comprehensive general theory of amalgam spaces on locally compact groups was introduced in [6] . For a more expository introduction to Wiener amalgam spaces on the real line with extensive references, we refer to [14] .
To measure local behavior of functions on S, for h = 1, we consider the set of boxes {Q 1 (e j , e −1/4 k, e −1/2 m)} j,k∈Z,m∈Z associated with the relatively separated (see Lemma 2.6) set of center points X = {(e j , e −1/4 k, e −1/2 m)} j,k∈Z,m∈Z 2 . Now, for each 1 ≤ p < ∞, the amalgam spaces W S (L ∞ , L p ) on the shearlet group S can be defined as mixed-norm spaces consisting of functions f : S → C by the following Definition 3.1. For 1 ≤ p < ∞, the amalgam space on the shearlet group S is defined by
where the norm is given by
3.2.
The Space B 0 . We now introduce a class of shearlet generators, whose associated continuous shearlet transforms belong to the amalgam space
, where C(S) is a set of continuous functions on S). Intuitively, the generators should have sufficient decay in both space and frequency, which is formalized in the next definition. Notice that here we draw from ideas presented in [17] . 
where
where β > 4α + 2.
The following two lemmata indicate the effect the decay conditions (i) and (ii) imposed on a shearlet generator have on the decay of the associated continuous shearlet transform. These will be essential ingredients for proving membership of the associated continuous shearlet transform to W S (C, L 1 ).
, for all (a, s, t) ∈ S,
Proof. This result follows from [4, Lem. 4.5] and the relation between SH ψ and SH ψ given by Lemma 2.2.
Proof. This result follows from [4, Lem. 4.6] and the relation between SH ψ and SH ψ given by Lemma 2.2.
The next theorem now proves what was claimed before. We present the lengthy, very technical proof in Subsection 7.2.1.
Approximation Properties of Weighted Shearlet Frames
The aim of this section is two-fold: (1) approximation properties of shearlet frames shall be formalized and studied, and (2) a particular approximation property shall be introduced to serve as a hypothesis under which we can establish a connection between the existence of a lower frame bound for a shearlet system SH(ψ, Λ) and a positive lower shearlet density.
We should mention that the to be introduced so-called Homogeneous Approximation Property (HAP) was already extensively studied in the case of Gabor systems (for a survey, see [15] ), in the wavelet case (see [17] ), and also for general coherent frame (see [8] ). However, also the results for general coherent frames do not cover the results we require, since our aim is to establish a link to conditions on shearlet density, whereas the density aspect is not the focus of [8] . Although many proofs still follow the basic line of argumentation in those papers -however much more technical due to the 4D-parameter space of shearlet -we include all proofs for the convenience of the reader sufficiently detailed. To prove the HAP for shearlet frames provided that the generator belongs to B 0 might intuitively not be that surprising, however, to actually prove the results requires hard technical work as can be seen below.
4.1. The Strong and Weak Homogeneous Approximation Property. The approximation property we will investigate analyzes the ability of a shearlet frame to homogeneously approximate functions. More precisely, if a function can be approximated by a finite collection of elements from a shearlet frame defined by a selection of a finite set of parameters, then the via the action of S translated function can be approximated with the same accuracy by the finite collection of shearlet elements associated with the similarly translated finite set of parameters. The following definition makes these rough ideas precise.
, and let { σ(a, s, t)ψ : (a, s, t) ∈ Λ} denote its dual frame. For each h > 0 and (p, q, r) ∈ S, define W (h, (p, q, r)) = span{ σ(a, s, t)ψ : (a, s, t) ∈ Q h (p, q, r) ∩ Λ}.
(a) The frame SH(ψ, Λ) is said to possess the Weak HAP, if for each f ∈ L 2 (R 2 ) and for all ǫ > 0 there exists some R = R(f, ǫ) > 0 such that for all (p, q, r) ∈ S, dist (σ(p, q, r)f, W (R, (p, q, r))) < ǫ. The main result showing that the selected class of shearlet generators B 0 forces the associated shearlet system to even satisfy the Strong HAP is our next goal. For this, we require the following technical lemma, whose proof is presented in Subsection 7.3.1.
Using this lemma, we obtain the following
. Then the shearlet frame SH(ψ, Λ) satisfies the Strong HAP.
Proof. First we will prove that the shearlet frame SH(ψ, Λ) possesses the Strong HAP for any function g ∈ B 0 . For this, let g ∈ B 0 and ǫ > 0. Let A denote the lower frame bound of SH(ψ, Λ). It is well-known that then the upper frame bound of the dual frame { σ(a, s, t)ψ} (a,s,t)∈S is σ(p, q, r)g, σ(a, s, t)ψ σ(a, s, t)ψ
The last inequality follows from Lemma 4.2. Now suppose that f is any function in L 2 (R 2 ). Since B 0 is dense in L 2 (R 2 ), for each δ > 0, there exists some g ∈ B 0 such that f − g 2 < δ. Using standard arguments the general claim can now be established from here by using (3).
The Comparison Theorem.
Suppose SH(ψ, Λ) is a given shearlet frame whose density we want to study. We assume we know that SH(ψ, Λ) satisfies the Weak HAP. The main idea is now to compare this density with the density of a reference shearlet frame SH(φ, ∆). In fact, we derive the following comparison theorem.
and Λ, ∆ ⊂ S be such that SH(ψ, Λ) and SH(φ, ∆) are frames for L 2 (R 2 ) and SH(ψ, Λ) satisfies the Weak HAP. Let B be a upper frame bound of SH(φ, ∆) and C = φ 2 . Then, for each ǫ > 0, there exists a positive constant R such that
The main idea of the proof is the double-projection method introduced in [28] , which will be briefly described in the sequel. The detailed proof of Theorem 4.4 is presented in Subsection 7.3.2.
Denoting the dual frame for SH ψ (Λ) by { σ(a, s, t)ψ : (a, s, t) ∈ Λ}, for each h > 0 and (p, q, r) ∈ S, we consider the finite-dimensional subspaces:
For any fixed ǫ > 0, let R = R(φ, ǫ) be the value from Definition 4.1(a), and let (a, s, t) ∈ Q h (p, q, r). For (x, y, z) ∈ Q R (a, s, t) ∩ Λ, we have
Let now P V and P W be the orthogonal projections of L 2 (R 2 ) onto V (h, (p, q, r)) and W (R + he R 2 + Rhe R 4 , (p, q, r)), respectively. The main idea is to consider the positive, selfadjoint operator
and derive a lower and upper estimate for tr [T ] in terms of D ± (Λ) and D ± (∆).
Necessary Conditions for Existence of Irregular Shearlet Frames
We can now link geometric properties of the sets of parameters of shearlet systems in terms of shearlet density with frame properties of the associated systems. In fact, the existence of a lower frame bound for a shearlet system SH(ψ, Λ) is closely related to a positive lower shearlet density provided that this shearlet system satisfies the Weak HAP, and the existence of an upper frame bound is closely related to a finite density. Also, recall that provided ψ ∈ B 0 , the associated shearlet system always satisfies the Weak HAP by Theorem 4.3, hence statement (ii) below is applicable to a large class of generators.
be a nonzero function, let Λ be a discrete subset of S, and let w : S → R + be a weight function.
and satisfies the Weak HAP, then D − (Λ) > 0.
Proof. (i). We will show that provided
Notice that this implies the non-existence of an upper frame bound for the shearlet system SH ψ (Λ, w). First, choose any η ∈ L 2 (R 2 ) with η 2 = 1. Since the shearlet transform is continuous, there exist h > 0 and (p, q, r) ∈ S such that δ = inf |SH ψ η(a, s, t)| > 0.
Next, let N > 0 be arbitrary. Since D + (Λ, w) = ∞, Proposition 2.7 implies that there exists some (x, y, z) ∈ S such that
we obtain
Thus, (5) is proved.
(ii). Let φ ∈ L 2 (R 2 ) and ∆ = {(a j , bk, cm) : j, k ∈ Z, m ∈ Z 2 } with a > 1 and b, c > 0 be chosen such that the regular shearlet system SH φ (∆) forms a frame for L 2 (R 2 ) with frame bounds A and B. It will be proven in Proposition 6.2 -the proof of this proposition does not require the result under consideration -that the subset ∆ of the shearlet group S possesses a uniform density, in particular,
. Using the constant C := φ 2 and applying Theorem 4.4 to SH ψ (Λ) and SH φ (∆),
what was claimed.
Density Analysis of Various Classes of Shearlet Systems
To illustrate applicability of the introduced density analysis and, in particular, of Theorem 5.1, we will study different classes of weighted shearlet systems -meaning, different classes of sets of parameters -concerning their potential to lead to a frame with suitable generator. The classes to be analyzed consist of oversampled shearlet systems and co-shearlet systems. We also add a discussion of the (non-)usefulness of density notions based on different (isomorphic) shearlet groups such asS.
6.1. Oversampled Shearlet Systems. The technique of oversampling was already used for different types of systems; for an overview with various references, see [18] . The main objective is to generate a denser location grid, aiming at a positive lower frame bound (see also [19] ). Customarily, the translation parameter of a regular system -such as the regular shearlet systems (2) -is oversampled. We follow this strategy with the following
, a > 1, and b, c > 0, and let {R j,k } j,k∈Z ⊂ GL 2 (R). Then we define the oversampled shearlet systems generated by ψ with respect to the sequence of matrices {R j,k } j,k∈Z ⊂ GL 2 (R) to be SH(ψ, Λ, w), where
and w(a j , bk, cR
Obviously, this definition includes the regular shearlet systems (2) as a special case by choosing R j,k = Id for all j, k.
We now study two different types of oversampling matrices {R j,k } j,k∈Z ⊂ GL 2 (R):
• Diagonal matrices: This study includes regular shearlet systems, and, in general, provides a lattice-oriented oversampling.
• Shear matrices: These allows the oversampling to be biased towards a prespecified direction. Interestingly, the upper and lower weighted shearlet density coincide, hence all oversampled shearlet systems, and, in particular, regular shearlet systems are associated with a set of parameters with a uniform weighted shearlet density. Intuitively, this seems plausible by regarding the positioning of the parameters displayed in Figure 1 . Figure 1 . Positioning of the parameters of a regular shearlet system.
, a > 1, and b, c > 0, and let {R j,k } j,k∈Z ⊂ GL 2 (R) be one of the following two cases:
Let SH(ψ, Λ, w) be the associated oversampled shearlet system with Λ and w being defined by (6) and (7), respectively. Then Λ with weights w has the uniform weighted shearlet density
Proof. We first assume that the sequence of matrices {R j,k } j,k∈Z ⊂ GL 2 (R) satisfies (a). Now we fix a center point (x, y, z) ∈ S and a size h > 0, and consider the box Q h (x, y, z). If (a j , bk, cR
First,
which is satisfied for at least
which, for a fixed value of j, is fulfilled for at least + 1 values of k.
For fixed j and k, (8) is satisfied for at least 
Thus,
This proves part (a). Next, we assume that the sequence of matrices {R j,k } j,k∈Z ⊂ GL 2 (R) satisfies (b). This proof follows the argumentation of part (a), except that (8) and (9) are substituted by
with C 1 and C 2 defined by cS
. This change then leads to
instead of (10). Thus,
The proposition is proved.
6.2. Co-Shearlet Systems. Co-affine systems were introduced in [7] for general affine systems in arbitrary dimension by interchanging dilation and translation in the definition of regular affine systems. Surprisingly, such systems can never form a frame. Here we use the same concept to introduce co-shearlet systems by the following
, a > 1, and b, c > 0. Then we define co-shearlet systems to be SH(ψ, Λ, w), where
and w ≡ 1.
Notice that these systems indeed arise from interchanging dilation (parabolic scaling and shearing) and translation in the definition of regular shearlet systems, since changing those operations in (2) leads to
Also here -similar to the situation of co-affine systems (see [16] ) -, the set of parameters associated with co-shearlet systems leads to extreme density values. This becomes evident by viewing the positioning of the parameters displayed in Figure 2 . The very different distribution compared to Figure 1 will extensively be exploited in the proof of the following result. Figure 2 . Positioning of the parameters of a co-shearlet system.
, and let a > 1, and b, c > 0. If SH(ψ, Λ, w) is the associated co-shearlet system, then
Proof. First, fix a center point (x, y, z) ∈ S and a size h > 0, and consider the box Q h (x, y, z).
Similar as in the proof of Proposition 6.2,
which is satisfied for approximately h ln a values of j. (Note that we don't take term ±1 into account anymore (cf. the proof of Proposition 6.2), since these only contribute a lower power of h when considering the limit.) Also, bk −
which, for a fixed value of j, is fulfilled for approximately
which can be rewritten as
. Thus,
For fixed j and k, (11) is satisfied by approximately a −j (1 + b|k|)h/c values of m 1 , and, for fixed j, (12) is satisfied by approximately a −j/2 h/c values of m 2 . Summarizing our findings,
By changing x, we can make this quantity arbitrary small or large. Figure 2 displays this behavior: As x moves towards the t 2 -axis, this quantity becomes arbitrarily large, and as x moves away from the t 2 -axis, this quantity becomes arbitrarily small. Hence we can conclude that
Application of Theorem 5.1 now enables us to conclude the non-existence of frame bounds for a co-shearlet system from this proposition.
, let a > 1, and b, c > 0, and let SH(ψ, Λ, w) be the associated co-shearlet system. Then SH(ψ, Λ, w) does not possess an upper frame bound. In particular, the system SH(ψ, Λ, w) can not be a frame.
Proof. By Proposition 6.4, D + (Λ, w) = ∞ and D − (Λ, w) = 0. Since D + (Λ, w) = ∞, Theorem 5.1 (i) implies that SH(ψ, Λ, w) does not possess an upper frame bound.
6.3. Discussion of Density Results forS. Let us now briefly discuss the potential for the shearlet groupS to lead to 'nice' density properties. In the wavelet case, it was shown in [20] that in fact the choice of affine group multiplication has a strong impact on properties of the density induced by it. Two versions of the affine group were studied, and it was shown that one did not lead to a uniform density for the regular wavelet systems as the other did.
To start our discussion, we first observe that usingS instead of S, the notion of upper and lower weighted shearlet density,D ± , say, can be introduced in a similar way as in Definition 2.4, however using a left-invariant Haar measure ofS instead of µ S . With this definition, all results from Section 2 -with different constants -can be proven using quite similar proofs as the ones presented.
By using Lemma 2.2, it can easily be computed that the set
, is a set of parameters such that SH(ψ,Λ) is a regular shearlet system. Using similar arguments as in the proof of Propositions 6.2 and 6.4, we can conclude that in fact regular shearlet systems SH(ψ,Λ) are not associated with a uniform density usingD ± . This justifies our choice of S. Fix any (x, y, z) ∈ S. It suffices to prove the existence of some (a, s, t) ∈ Q h , and j, k ∈ Z, m ∈ Z 2 such that
The three desired equalities
We now show how to construct (a, s, t) ∈ Q h , and j, k ∈ Z, m ∈ Z 2 satisfying those. Let j be the unique integer contained in the interval
, and set a = xe −jh . Then a ∈ [e −h/2 , e h/2 ) and (13) is satisfied. Next, let k be an integer contained in the interval
, and set s = y − he −h/4 k √ a. By choice of k, we
) and hence (14) is fulfilled. Further, let m 2 be an integer contained in
, and define t 2 by
), and we have established (16) . Finally, we choose the integer m 1 to be contained in the interval 
, and conclude that
). Thus, also (15) holds.
(ii). Fix any (x, y, z) ∈ S, and let (u, v, w) ∈ Q rh (x, y, z) ∩ Q h (e jh , he −h/4 k, he −h/2 m). This implies that there exist (a, s, t) ∈ Q rh and (a ′ , s
From ax = a ′ e jh with a ∈ [e −rh/2 , e rh/2 ) and a ′ ∈ [e −h/2 , e h/2 ), it follows that
This is satisfied for at most r + 2 values of j.
) and s
For fixed values of a ∈ [e −rh/2 , e rh/2 ) and a ′ ∈ [e −h/2 , e h/2 ), this is satisfied for at most (r + 1)e h/2 + 1 values of k. Finally, we need to study the equation
. This yields
For fixed values of a ∈ [e −rh/2 , e rh/2 ), a
, and Theorem 3.5 . Suppose that f, ψ ∈ B 0 . We will first start with a general decay estimate for SH ψ f , which will be exploited frequently throughout the proof. By Lemmata 3.3 and 3.4, there exists C 1 > 0 such that, for all (a, s, t) ∈ S,
where β > 4α + 2 and α > 
It is sufficient to prove that this sum is finite, which implies
. Since SH ψ f is continuous, the proof is then complete.
To prove finiteness of (21), we will carefully split this sum into four subsums, and show finiteness of each one of those. To find a suitable 'splitting point' -and also to derive estimates which will become useful later -, for some j, k ∈ Z and m ∈ Z 2 , we consider an element (a, s, t) ∈ Q 1 (e j , ke
2 . This implies
. From (C 3 ), we conclude that
This delivers our 'splitting point', and we decompose the sum (21) according to
We now prove that each of the sums T 1 -T 4 is finite.
. First assume that j < 0, hence a ≤ 1. Then
and hence, also using (22),
This together with (20) and (C 2 ) implies
and we obtain
which is finite. If j = 0, then 1 < a ≤ √ e, and it is easy to see that, by (20) and (C 2 ),
Hence, from (23) and (24), it follows that T 1 is finite. 
By (20), we hence obtain
This yields
By (20), we hence obtain , which is finite.
T 3 . Suppose that (a, s, t) ∈ Q 1 (e j , ke −1/4 , e −1/2 m) with j ≤ 0, k ∈ Z, m ∈ Z 2 , and m ∞ < 
which is finite. If j = 0, then 1 < a ≤ √ e, and it is easy to see that, by Lemma 3.4, 
Thus, by (25) and (26), T 3 is finite.
T 4 . Suppose that (a, s, t) ∈ Q 1 (e j , ke −1/4 , e −1/2 m) with j > 0 (i.e., a > 1), k ∈ Z, m ∈ Z 2 , and m ∞ < Summarizing, we proved that the sum (21) is finite, which finishes the proof. Our first claim is that for any (p, q, r) ∈ S,
a technical ingredient required in the main body of the proof. Suppose now that there exists some (a, s, t) ∈ Q δ (p, q, r) \ Q R . To prove (27) , we assume that (x, y, z) ∈ Q δ , and show that this implies (p, q, r) · (x, y, z) = (px, y + q √ x, z + S y A x r) / ∈ Q R ′ .
First, our hypotheses imply (a, s, t) / ∈ Q R ,
(p, q, r)
(x, y, z) ∈ Q δ .
(31) Next we use (29)-(31) to prove (28) .
For this, first suppose that a > e Taking the infimum or supremum over all points (p, q, r) ∈ S, and then the lim inf or lim sup as h → ∞, we obtain respectively. The claim is proved.
